A note on matchings and separability  by Cook, W.
Discrete Applied Mathematics 10 (1985) 203-209 
North-Holland 
203 
A NOTE ON MATCHINGS AND SEPARABILITY 
W. COOK* 
Inst. ftir okonometrie und Operations Research, Universittit Bonn, Nassestr. 2, 5300 Bonn 1, 
W. Germany 
Received IS January 1984 
It is observed that minimal totally dual integral systems for a class of independence systems 
are closely related to a type of separability. This observation is used to give a short proof, using 
Edmonds’ matching polytope theorem, of a theorem of Cunningham and Marsh which gives a 
description of the minimal totally dual integral defining system for the matching polytope and 
also to show the relationship between that result and a theorem of F.R. Giles. 
1. introduction 
Combinatorial optimisation problems are often of the form “maximise wx over 
all vectors x in S” where S is a set of integer vectors in Q’ and w E Q” is an integer 
‘weight’ vector. To solve such a problem in polynomial time it is necessary to have 
a good characterisation for this maximum value. One method for obtaining such a 
good characterisation is to find a system of linear inequalities which defines the con- 
vex hull of S (that is, the convex hull of S is identical to the set of solutions to the 
linear system) - the duality theorem of linear programming then gives a min-max 
relation, and hence a good characterisation, for the problem (see Pulleyblank [ 161). 
In fact, Grotschel, Lovasz, and Schrijver [l l] have shown that in many cases finding 
such a system of linear inequalities also gives a polynomial time algorithm for the 
optimisation problem. 
One way to strengthen a min-max relation obtained in the above way is to require 
that the variables in the corresponding dual linear program take on integer values 
in an optimal solution, that is, to require that the defining system for the convex 
hull of S be a totally dual integral system (Edmonds and Giles [8] defined a rational 
linear system Ax5 b to be a totalfy dual integral system if the dual linear program 
min{ yb: yA = w, yr 0) has an integral optimal solution for each integer vector w 
for which the optimum exists). Further motivation for searching for such a totally 
dual integral system is provided by the fact that often integer solutions to the dual 
linear program correspond to combinatorial objects such as ‘coverings’ or ‘cuts’, 
in which case the min-max relation gives a nice combinatorial theorem (see Schrijver 
W,211). 
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Once such a totally dual integral system is found, the min-max relation can be 
further strengthened by removing some of the inequalities to obtain a minimal 
totally dual integral defining system for the convex hull of S (here ‘minimal’ means 
that if any inequality in the linear system is removed, the resulting system is either 
no longer totally dual integral or else no longer defines the convex hull of S). 
Schrijver [8] has shown that for each polyhedron P of full dimension there exists 
a unique minimal totally dual integral system Ax<b with A integral such that 
Axr b defines P. Define the Schrijver system for P to be this unique system Ax< 6. 
Thus, if the convex hull of S is of full dimension, a ‘best possible’ min-max relation 
for S can be obtained by finding the Schrijver system for S. 
In this note, it is observed that Schrijver systems for a class of general indepen- 
dence systems are closely related to a type of separability. This observation is used 
to give a short proof, using Edmonds’ matching polytope theorem, of a result of 
Cunningham and Marsh [4] which gives a characterisation of the Schrijver system 
of the matchings of a graph and also to show the relationship between that result 
and a theorem of F.R. Giles. This observation is also used extensively in Cook and 
Pulleyblank [2]. 
2. Schrijver systems and separability 
Let E be a finite set and let Z be a finite set of nonnegative integer vectors 
a = (a,: e E E). The pair (E, I) is a general independence system if 0 E I and for each 
a E Z and nonnegative integral b I a it is the case that b E I (so a general independence 
system with the property that each aE I is 0, l-valued is an independence system). 
The rank, r(A), of a set A c E is the maximum value of x(A) over all vectors XEZ, 
where x(A) = C {x,: e E A}. A set A c E is closed if r(A U {e})> r(A) for each 
e E E - A. A separation of a set A c E is a pair of nonempty subsets A,, A, of A 
such that A, U A, =A and r(A,) + r(A2) =r(A). If there exists a separation of 
A <E, then A is separable (otherwise A is nonseparable). Let C(Z) denote the con- 
vex hull of I. A characterisation of the Schrijver system for C(Z) for a class of 
general independence systems is given in the following lemma. 
Lemma 2.1. Let (E,Z) be a general independence system such that r({e})r 1 for 
each e E E. Suppose that the linear system 
x(A) I r(A) VA c E, A f0, 
x, 2 0 VeEE 
(2.1) 
is a totally dual integral defining system for C(Z). An inequality x(A)<r(A) is in 
the Schrijver system for C(Z) if and only if A +0 is a closed non-separable set. 
Proof. Since r({e})> 1 for each eE E, the polyhedron C(Z) is of full dimension. If 
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x(A)~r@) is in the Schrijver system for C(I), then clearly A is nonseparable and 
closed. Conversely, suppose that D#0 is a nonseparable closed set. By assumption, 
for each integral w the linear program 
min C {r(A)Y,:A CE, AfB}, 
subject to c {Y,:A cE, eeA} 2 w, V~EE, (2.2) 
Y, L 0 VAcE, A#0 
has an integral optimal solution. To prove that x(D) I r(D) is in the Schrijver system 
for C(I) it suffices to show that for some integer vector w the linear program (2.2) 
has no integer optimal solution with Y, = 0. Let w, = 1 for each e E D and let w, = 0 
for each e E E - D. An optimal solution to (2.2) is YD = 1 and YB = 0 for all other 
B cE, B#0, with objective value r(D). Any integral optimal solution to (2.2) with 
Y,= 0 corresponds to a collection of nonempty sets A,, . . . , Ai c E with A; #D, 
i=l ,..., j, DcA,U . ..UA. andr(A,)+ ... + r(Aj) = r(D). Since D is closed, j must 
be at least 2. However, since D is nonseparable, j must be equal to 1. So there does 
not exist such a solution. 0 
Before applying this lemma to matchings in graphs, several direct applications of 
it will be mentioned. 
Edmonds [7] proved that if A4 = (E, I) is a matroid with rank function T, then 
linear system (2.1) is a totally dual integral defining system for P(M), the convex 
hull of the independent sets of M. Thus, Lemma 2.1 implies that the Schrijver 
system for P(M) is (2.1) with an inequality x(A) I r(A) only for those A c E, A # 0 
that are closed and nonseparable in the matroidal sense. (Note that Cunningham [3] 
has given an algorithm which may be used to test in polynomial time whether or not 
A has this property.) This result of Edmonds can be found in Pulleyblank [16]. A 
similar result of Giles [lo] for matroid intersection polyhedra follows in the same 
manner from Lemma 2.1 using the matroid intersection theorem of Edmonds [6]. 
Lemma 2.1 also provides a characterisation of the Schrijver systems for the convex 
hulls of ‘perfect independence systems’ - see Euler [9]. 
3. Matchings 
Let G be a graph and M(G) the convex hull of (the incidence vectors of) the 
matchings of G. Edmonds [5] proved that M(G) is defined by the following linear 
system 
x,20 VeEEG, 
x(6(u)) I 1 Vu E 1/G, (3.1) 
x(y(T)) 5 LiTl/2] VTC VG, ITI 23, ITI odd 
where EG is the edge set of G, VG is the node set of G, for each u E 1/G the set of 
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edges which meet u is denoted by 6(u), for each SC I/G the set of edges which have 
both ends in S is denoted by y(S), and for any number d, LdJ is the greatest integer 
less than or equal to d. Moreover, it follows directly from Edmonds’ matching 
algorithm that adding the inequalities 
x(y(T)) 5 LITI/ VTC VG, ITI 23, ITI even (3.2) 
to (3.1) gives a totally dual integral system (see Hoffman & Oppenheim [12] and 
Schrijver [19,20] for different proofs of strengthened forms of this result). 
A matching A4 of G is perfect if each node in VG is met by an edge in M. If G 
is connected, then G is hypomatchable if for each v E VG the graph obtained by 
deleting u from G has a perfect matching. For each u E VG let N(u) denote the set 
of nodes in VG - {u} which are adjacent to u. Let V’be the set of nodes u E L’G such 
that either IN(u)1 13 or IN(u)1 =2 and y(N(o))=O or IN(u)1 = 1 and u is in a two 
node connected component of G. 
Since {e} is a matching for each eE EG, the polytope M(G) is of full dimension. 
Pulleyblank and Edmonds [17] proved that the unique minimal defining system 
(unique up to positive scalar multiples of the inequalities) for M(G) is 
x,rO VeEEG, 
x(&u)) 5 1 vu E V’, 
x(y(T)) I LITI/ VTc_ VG, jTI > 3, 
(3.3) 
G[T] hypomatchable with no cutnode. 
where, for each T c VG, G[T] denotes the subgraph of G with node set T and edge 
set y(T). Cunningham and Marsh [4] proved that this linear system is totally dual 
integral, which implies the following result. 
Theorem 3.1. The Schrijver system for M(G) is (3.3). 
Using Lemma 2.1, a short proof of this theorem, which does not use the result 
of Pulleyblank and Edmonds, can be given. 
Proof of Theorem 3.1. Let (E, I) be the independence system with E = EG and I the 
set of matchings of G. Since Edmonds’ matching algorithm gives that (3.1) and (3.2) 
is a totally dual intergral defining system for M(G), Lemma 2.1 implies that the 
Schrijver system for M(G) consists of X,L 0 for each e E EG and an inequality 
x(F) d r(F) for each F r EG, Ff 0, which is nonseparable and closed for (E, I), where 
r(F) is the cardinality of a maximum cardinality matching of G contained in F. 
Clearly, each set of edges of the form 6(u) for some u E I/G is nonseparable. A 
set 6(v) for some u E VG is closed if and only if u E V’. So an inequality x(6(u)) _( 1 
is in the Schrijver system for A4(G) if and only if v E V’. 
Since (3.1) and (3.2) is a totally dual integral defining system for M(G), each 
closed nonseparable set of edges not of the form 6(u) for some u E VG is of the form 
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y(T) for some Tc VG with r(y(T))= LlT1/21. Suppose that y(T), for some TL VG, 
T#0, is such a closed nonseparable set. The cardinality of T must be odd, since 
otherwise (6(u) n y(T), y(T) -6(u)) is a separation of y(T) for any u E T. If there 
exists a node UE T such that G[T- {u}] does not have a perfect matching, then, 
again, (6(u)fl y(T), y(T)-6(u)) is a separation of y(T). So G[T] must be hypo- 
matchable. Furthermore, G[T] does not have a cutnode 11, since otherwise 
(y(T, U {u}), y(T- T,)) is a separation of y(T) where T, c T is a set such that G[T,] 
is a connected component of G[T- {u}] (note that ITI 1 must be even, since 
G[T- {u}] has a perfect matching). So (3.3) is a totally dual integral defining system 
for M(G). 
To complete the proof it must be shown that if T L VG, 1 Tl 2 3, is such that G[T] 
is hypomatchable with no cutnode, then y(T) is a closed nonseparable set. Suppose 
that T c I/G is such a subset. Let e E EC - y(T) be an edge with ends u, and u2 (if 
EC-y(T)#0). If neither uI nor u1 is in T, then clearly r(y(T)U {e})=r(y(T))+ 1. 
It cannot be the case that both uI and u1 are in T, so suppose that uI E T and u2@ T. 
If A4 is a perfect matching of G[T- {Us}], then MU {e} is a matching of 
rank r(y(T)) + 1 in y(T) U {e}. So y(T) is closed. Suppose that y(T) is separable. Let 
F,, . . . , Fk be subsets of y(T) such that F, is nonseparable for each ie { 1, . . , k), 
r(y(T)) = r(F,) + ... + r(Fk), and y(T) = F, U ... U Fk. Since r(y(T) -6(u)) = r(y(T)) 
for each DE T, it can be assumed that for each ie { 1, . . ..k} there exists a set T, c T 
such that F,=y(T,) and r(F)= LlTi/21. 
Claim. lT,!+...+IT,lrITl+k. 
Once the claim is shown, the proof will be complete, since it implies that 
t I TI I4 +...+ LlTkl/2J > LIT1/21, a contradiction. To see the claim, let H be a 
graph with nodes t,, . . . . t, and with an edge (ti, t;) for all i #j such that T fl rJ #Q. 
Observe that IT,1 +.s.+ IT,1 2 ITI + IEHl. S ince G[T] is connected and each edge 
in y(T) is in y(T;) for some in {l, . . . . k}, the graph H is connected. So IEH / L k - 1. 
Suppose that IEH I = k - 1. Let tj be a node of degree 1 in H and let tJ be the node 
adjacent to rj (by assumption, k is at least 2). Since G[T] has no cutnode, IT, O T/ 1 r2 
and lT,I+...+lT,lrlTl+lEHl+l. 0 
Part of Theorem 3.1 can be stated in a different way. Let G be a graph and k 
the cardinality of a maximum cardinality matching of G. Let E, and E, be non- 
empty subsets of EC with E, UE, =EG. Let k; be the cardinality of a largest 
matching of G contained in E,, i = 1,2. If k, + k2 = k, then (E,, E,) is a matching 
separation of G. Using Lemma 2.1, the above theorem implies the following result 
due to F.R. Giles. 
Theorem 3.2. A graph G is matching nonseparable if and only if G is isomorphic 
to K,,,, for some n or G is hypomatchable with no cutnode. 
In fact, by virtue of Lemma 2.1, this result is the major portion of the content 
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of Theorem 3.1 (if one assumes Edmonds’ matching result that (3.1) and (3.2) is a 
totally dual integral defining system for M(G)). 
Observe that in both the matching case and the matroid intersection case the 
Schrijver systems for the polyhedra in question are identical to the minimal defining 
systems for the polyhedra scaled so that the left hand sides of the inequalities are 
0, l-valued. An example of a class of full dimensional polyhedra where these two 
systems differ arise from b-matchings in graphs. 
Let G be a graph and b = (b,,: u E VG) a positive integer vector. A b-mutching of 
G is a nonnegative integer vector x= (x,: e E EC) such that 
x(6(u)) 5 b,, for each UE VG. 
Let P(G, b) denote the convex hull of the b-matchings of G. Pulleyblank [13] 
characterised the minimal defining system for P(G, 6). This minima1 system, when 
scaled so that the left hand sides are 0, l-valued, is not in general totally dual 
integral. Cook [l] and Pulleyblank [15] independently characterised the Schrijver 
system for P(G, 6) (see also Pulleyblank [14] and Cook and Pulleyblank [2]). This 
characterisation, together with Lemma 2.1, gives a generalisation of Theorem 3.2. 
If G is connected, then G is b-critical if for each UE VG there exists a b-matching 
x of G such that 
~-(6(u)) = b,, ~ 1 and x(S(U)) = b,, for each u E I/G ~ {u}. 
If G is connected, then G is b-bicritical if for each u E VG there exists a b-matching 
x of G such that 
n(s(u)) = b,, - 2 and x(6(u)) = b,, for each u E VG - {u}. 
The result of Cook [I] and Pulleyblank [15] implies the following theorem, where 
b-matching separability is defined analogously to matching separability. 
Theorem 3.3. A graph G is b-matching nonseparable if and only if either G is iso- 
morphic to K,,,, for some n and either n< 1 or b(N(u))> b,,+ 1 where u is the node 
of degree n or G is b-critical with no cutnode u having b, = 1 or G is b-bicriticul. 
If b, = 1 for each u E I/G, this result implies Theorem 3.2. 
Acknowledgement 
The author wishes to thank Professor W.R. Pulleyblank for valuable conversa- 
tions on the topic of matchings and for pointing out that Theorem 3.2 is due to F.R. 
Giles and also to thank the referees for their comments. 
209 
Keferences 
[I] M:. Coo!,, A minimal rorally dual integral defining system for the /I-matching polyhedron, SIAM 
.I. Algebraic Dixrele hlcrhod$ 4 (1983) 212-220. 
[2] \V. Cook and W.R. Pullcyblank, Linex systems for constrained matching problems, in preparation. 
[3] \V.H. Cunningham, A Combinatorial Decomposition Theory, Ph.D. Thesis, University of Waterloo, 
1973. 
141 W.H. Cunnin,ham and A.B. Marsh, III, A primal algorithm fol- optimum matchings, Math. Pro- 
gramming Study 8 (1978) 50-72. 
[S] J. Edmonds, ~lawimum marching and a polyhedron with 0, I vertices, J. Res. Nat. Bur. Standards 
hYB (1965) t25st30. 
[6] .I_ Ldmonds, Submodulal- funclions, matroids, and certain polyhedra, in: R. Guy, H. Hanani, 
N. Sauet. and J. Schonheim, eds., Combinatorial Strucrure, and Their Applications (Gordon and 
Breach, Neu York, 1970) 69-87. 
[7] J. tdmonds. hlalroids and the greedy algorithm, Math. Programming I (1971) 127-136. 
[8] .I. Edmonds and R. Gile5, A mln-max relation for submodular funclions on graphs, Annals Discrete 
Ilalh. I (1977) 185~204. 
[Y] R. Euler. Perfect independence $y\tems, Repor 81-19, hlarhematisches Institut, Univ. of Koln, 
IYXI. 
[IO] I .R. (;ilcs, Submodulal- kunc~ions, Graphs, and Integer Polyhedra, Ph.D. Thesis, Uni\er\ity of 
L\‘atet-loo, 1975. 
[I I] hl. <ii-ot~hcl, 1.. Lo~ziw, and A. SchriJcer, The ellipsoid merhod and its consequences in combina- 
~otial optimization. C‘ombinatorica I (1981) 169~197. 
112) A.J. liol’fman and R. Oppenheim, Local unimodularity in the matching polytope, Annal, Discrete 
hlnlh. 2 (197X) 2Ot~209. 
1131 W.K. Pullcyblanh, Faces of klatching Polyhedra, Ph.D. Thesis, University of Waterloo, 1973. 
1111 W.K. I’ull~~blanh, Dual inlegralir) in h-matching problems, Math. Programming Study 12 (1980) 
176~196. 
[ 151 \\‘.I<. l’ulleyl~lan~, Total dual inregl-alit)’ and h-matchings, Opcr. Kesearch Let{. I (1981) 2X-30. 
Ilh] Wt. P~~lleyblanh. Polyhedral combinatorics\, in: A. Bachem, M. Grotxhel, and B. Korle, eds., 
\l,~them~~~~cal I’rogramminp ~ The Srate of rhe Art (Springer-Verlag, Heidelberg, 1983) 312-345. 
I 171 I! .I~. t’ulleyblnnh and .I. Edmondr, Facets of t~matching polyhedra, in: C. Berge and D.K. Ray- 
( h~~~~dh~~r~. cd\., H!txrgl-apb Seminar (Spl-inger-Vet-lag, Heidelberg, 1974) 214-242. 
I I ?I ;‘i. S,,hr1j\cr. On lolaI dual integralily, Linear Algebra Appl. 3X (1981) 27-32. 
lt’)] ;1. S~.hti.i\er. Shot-1 proof\ on the matching polyhedron, J. Combin. Theory (B) 34 (1983) 104-108. 
1201 :2. \ch~ii\el, klin-ma\ tre(ults in combinatorial optimization, in: A. Bachem, M. Grotschel, and 
13. tiol ~c. ccl\., 1lalhcmnlical Programming ~ The State of the Art (Springer-Verlag, Heidelberg, 
I’)> 1) JiO ioo. 
/_‘I * Lz III ii\cI. 101;11 dual inlcgralily from direcred graphs, crossing families, and sub- and super- 
I,IW~I~.II l~i~~~‘tion\. IO appear in the proceedings of the Silver Jubilee Conference on Combinatorics, 
I ~~~\i’tsil> 01 \~‘ulclloo, lY82. 
